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MO DAU

1 Lido chon dé tai

Nhiéu bai toan trong toan hoc va trong cac linh vuc khoa hoc khac thuong
dan dén viec ching minh sy ton tai nghiém cta phuong trinh F(z) = z.
Nghiém x ctia phuong trinh nay duge goi la diém bét dong ctia anh xa F.
Do dé, viec xay dung nhitng cong cu khéao sat su ton tai diem bat dong cia,
mot anh xa thu hut sy quan tam clia nhiéu tac gid. Trong nhitng cong cu do,
Nguyén 1y anh xa co Banach trong khong gian métric day du dude xem 13 co
ban nhat. T nguyén 1y nay, nhiéu tac gid da md rong cho nhiing 16p khong

gian khac nhau cting nhu nhing 16p anh xa co suy rong khac nhau.

Trong huéng nghién ctitu do6, nhiéu tac gid da xay dung nhitng khong gian
métric suy rong nhu 2-métric [8], D-métric [4], G-métric [17], S-métric [21].
Cung huéng nghién citu nay, trong bai bao [15], Khamsi va Husain da gidi
thieu khai niem kiéu-métric. Dong thoi, trong bai bao nay, cac tac gia da khao
sat mot s6 tinh chat ctia khong gian kiéu-meétric va thiét lap dinh 1i diém bat
dong ctia 16p 4nh xa KKM trén khong gian nay. Ké tit d6, viéc nghién ctu
thiét lap dinh li diem bat dong trén khong gian kiéu-métric duge mot s téc
gid quan tam nghién ctu [7, 11, 12].

Bén canh viéc dé xuat nhitng khong gian métric suy rong, nhicu tac gia da
xay dung nhiing dang anh xa co suy rong trén khong gian métric [3, 18]. Nam

2008, trong bai bao [19], Suzuki da gidi thiéu khai niém 16p anh xa Suzuki



tréen khong gian métric va thiét 1lap mot md rong ctia Nguyeén 1y anh xa co
Banach trong khong gian métric day du. Sau d6, mot s6 tac gid da gidi thieu
nhitng dang mé rong ciia 16p anh xa Suzuki va thiét lap dinh 1i diém bat
dong cho nhitng 16p anh xa nay trén khong gian métric cing nhu khong gian
ki¢u-métric [1, 6, 7, 11, 20, 22]. Gan day, trong bai bao [16], Muralisankar v&
Jeyabal da gidi thieu mot dang md rong cta anh xa Suzuki vA mot sd dinh
Ii diém bat dong ctia 16p anh xa nay. Nam 2014, trong bai bao [13], Kumam,
Dung va Sitthithakerngkiet da gi6i thiéu mot dang téng quat cua anh xa co
kidu Ciri¢ va da thiét 1lap dinh lf diém bat dong cho 16p anh xa nay.

Trén co s6 nghién citu cac tai lieu tham khao lien quan dén anh xa Suzuki
suy rong, ching toi nhan thay rang dang anh xa co suy rong trong bai bao
[16] chua duge khao sat trén khong gian kiéu-métric. Do d6, chiing toi chon
deé tai "Veé dinh li diém bat dong cho dp dnh za Suzuki suy 1ong trén khong

gian kiéu-métric” lam dé tai khoéa luan t6t nghiep.

2 Téng quan ve dé tai

Nam 2008, trong bai béo [19], Suzuki da giéi thiéu khai niém 16p anh xa
Suzuki trén khong gian métric va thiét 1ap mot md rong ctia Nguyén 1y anh
xa co Banach trong khong gian métric day du nhu sau.

Cho (X, d) la mot khong gian métric day di, dnh xa T : X — X va dnh
za khong tang 6 : [0,1) — (%, 1] xzac dinh bdi

(

1 néu 0<r<(v5-1)/2
0r)=9 (1—r)r 2 néu (V5-1)/2<r <2712

(1+7)"1 néu 2712 <r < 1.
\

Gid st ton tair € [0,1) sao cho



O(r)d(x, Tx) < d(x,y) suy ra d(Tx,Ty) < rd(x,y) vdi moi x,y € X.

Khi dé, T ¢6 duy nhat diém bat dong z. Hon nia, lim T"x = z vdi moi

n—oo

z e X.

Sau d6, mot s6 tac gid da suy rong khai niem anh xa Suzuki va thiét lap
dinh 1 diém bat dong cho nhing 16p anh xa Suzuki suy rong nay trén khong
gian métric cling nhu khong gian kiéu-métric [6, 11, 20, 22]. Gan day, trong
[16], Muralisankar va Jeyabal da giéi thieu mot 16p anh xa Suzuki suy rong
va dinh 1 diém bat déng cho 16p anh xa nay trong khong gian métric day du

nhu sau.

Cho (X, d) la mot khong gian métric day di va dnh za f: X — X. Gid

st ton tai r € (0,1) sao cho
1
§d(x, fx) < d(z,y) suy ra d(fz, fy) < rd(z,y) vdi moi z,y € X.

Khi dé, f c6 duy nhat mot diém bat dong.

Nam 2014, Kumama, Dung va Sitthithakerngkiet da giéi thiéu mot dang
md rong clia &nh xa co kicu Ciri¢ tren khong gian métric bing cach bd sung
thém boén s6 hang méi d(T?x, x), d(T?x, Tx), d(T%x, y), d(T?x, Ty) trong diéu

kién co va da thiét lap dinh 1i diem bat dong cho 16p anh xa nay.

Tt nhitng van dé trén, ching t6i dat van dé mé rong cac dinh 1f diém bat
dong ctia 16p anh xa Suzuki suy rong trén khong gian métric day du trong
bai bdo [16] sang khong gian ki¢u-métric day di biang cdch bo sung thém cac

s6 hang méi trong dieéu kien co.



3 Muc tiéu nghién cttu

- Thiét lap v ching minh mot sé dinh Ii diém bat dong cho 16p 4nh xa

Suzuki suy rong trén khong gian kiéu-métric.

- Xay duyng mot s6 ap dung ctia két qua dat duoc.

4 Do6i tuong va pham vi nghién citu

Mot s6 dang mé rong ciia anh xa Suzuki suy rong trén khong gian kiéu-

métric trong linh vue 1 thuyét diém bat dong.

5 NOi dung nghién ciu

- Nghién citu khai niem kiéu-meétric, mot s6 tinh chat co ban clia khong

. « 2 PR
gian kieéu-métric.

- Nghién cttu khai niém anh xa Suzuki, mot s6 md rong ciia né va nhitng

dinh li diém bat dong cho 16p 4nh xa nay trén khong gian métric.

- Thiét lap va ching minh dinh 1i diém bat dong cho 16p anh xa Suzuki

suy rong trén khong gian kiéu-métric.

- Xay dung ap dung ctia két qué dat dugc.

Noi dung chinh ctia khéa luan duge trinh bay trong hai chuong
Chuong 1. Kién thtc chuan bi

Chuong 2. Dinh i diém bat dong cho 16p anh xa Suzuki suy rong trén

khong gian ki¢u-métric va ap dung.



6 Phuong phap nghién ciu

- Nghién cttu tai lieu: T tai lieu tham khao lien quan dén noi dung nghién

citu clia khoa luan, ching toéi phan tich, tong hop va tuong tu hoa dé thiét

lap dinh 1i diéem bat dong cho 16p anh xa Suzuki suy rong trén khong gian

kiéu-métric.

- Trao doi v6i nhoém nghién citu, cac tac gia cung linh vuc va giang vién

huéng dan.

7 Keé hoach nghién citu

STT| Thoi gian

No6i dung coéng viéc

Ngudi thuc hién

1 1/11/2013

Z

den

30/11/2013

Xay duyng dé cuong khoa luan

- SV thyc hién khoa
luan va GVHD.

o |1/12/2013
dén

30/12/2013

- Nghién citu vé khong gian
kiu-métric va mot s6 két qua
lién quan qua cac tai liéu tham
khao.

- Béo céo két qua nghién citu
truéec GVHD vao gitta thang va

cudi thang.

- SV thuc hién khoa
luan.

- SV thuc hién khoéa
luan va GVHD.




STT| Thai gian No6i dung cong viéc Nguoi thuc hién
3 1/1/2014 dén | - Nghién citu vé dinh li diém |- SV thyc hién khoa
30/1/2014 bat dong cho 16p anh xa Suzuki | luan.
va mot s6 mé rong trén khong | - SV thuc hien khoa

gian meétric.
- Béo cdo két qua nghien citu
truéec GVHD vao gitta thang va

cudi thang.

luan va GVHD.

4 1/2/2014 dén | - Nghién citu vé dinh 1 diém | - SV thyc hién khéa
30/2/2014 bat dong cho 16p anh xa Suzuki | luan.
suy rong trén khong gian kiéu- | - SV thuc hién khoa
meétric. luan va GVHD.
- Bao cdo két qua nghién citu
truéc GVHD vao gitta thang va
cudi thang.
5 1/3/2014 dén | Bao céo tom tat két qua nghien | - SV thuc hién khoa
15/3/2014 citu ctia khoa luan truéc bo | luan va GVHD.
mon Giai tich va Toan tng |- Cac thanh viéen bd
dung. mon Giai tich va Toan
ting dung.

6 16/3/2014 - Hoan chinh khéa luan tét | - SV thuc hién khoa
dén nghiép. luan va GVHD.
27/4/2014 - Nop khoéa luan vé khoa. - SV thuc hién khoéa

luan.

7 2/5/2014 dén | Bao cdo khoa luan. - SV thuc hién khoa

12/5/2014

luan.




CHUONG 1

KHONG GIAN KIEU-METRIC

1.1 Khai niém kiéu-métric

Muc nay trinh bay khai niem va vi du vé khong gian kieu-métric.

1.1.1 Dinh nghia ([15], Definition 6). Cho X la mot tap khac rong, K > 1
1a mot s6 thuc va D : X x X — [0,00) 14 mot anh xa théa man cac dieu

kién sau v6i moi z,y,z € X,

(1) D(z,y) = 0 khi va chi khi z = y;
(2) D(x,y) = D(y, x);

(3) D(x,2) < K[D(z,y) + D(y, z)].

Khi dé, D dugce goi la mot kiéu-meétric tren X va (X, D, K) dugc goi 1a mot

khong gian kiéu-métric.

1.1.2 Nhan xét. (1) (X, d) la mot khong gian métric khi va chi khi (X, d, 1)
13 mot khong gian kiéu-métric.

(2) Trong bai bao [14], Khamsi da gi6i thieu mot kiéu-métric khéc, trong d6
diéu kién (3) ctia Dinh nghia 1.1.1 dugc thay béi diéu kien sau.

(3") D(z,z2) < K[D(:C, y1) + D(y1,42) + - .. + D(yn, z)}

vl moi =, Y1, ..., Yn, 2 € X.



Viéc nghién cttu thiét lap dinh li diém bat dong trén khong gian kieu-métric
theo dinh nghia ctia Khamsi cling duge mot s6 tac gid quan tam [9, 10]. Trong
dé tai nay, ching toi xét kieu-métric theo Dinh nghia 1.1.1. Tiép theo, ching

toi gidi thieu mot so vi du ve kieu-meétric.

1.1.3 Vi du ([5], Example 2.4). Xét X = Rvaanhxa D : X x X — [0, 00)
xac dinh béi D(z,y) = (z—y)? v6i moi z, y € X. Khi d6, D la mot kiéu-metric
tren X voi K = 2.

Chiing minh. V6i moéi z,y € X, ta c6 D(z,y) > 0, D(x,y) = 0 khi va chi khi

x =y va D(z,y) = D(y,x). Hon nita, v6i méi z,y, z € X ta c6
D(z,2) = (1—2)? = (s—y+y—2)° < 2[(5—y)*+(y—2)") = 2\D(w, y)+ Dy, )]
Do do6, D 1a mot kieu-métric tren X véi K = 2. [

1.1.4 Vi du ([15], Example 1). Cho X la tap cac ham f lién tuc trén [0, 1]

va anh xa D : X x X — [0, 00) xac dinh bdi
/ |f(x de
Khi dé6, D la kiéu-métric trén X véi K = 2.

Chiing minh. V6i moi f,g € X ta c6 D(f,g) > 0,D(f,g) = 0 khi va chi khi

f=gvaD(f,g) = D(g,f). Hon nta, v6i méi f,g,h € X ta c6
D(f.h) — / /(&) - h(a)[d
- / 1£(2) - 9(@) + g(x) — h(z)ds

< /!f 2das+/ l9(x) — h(z)|dal

= 2[D(f,g) + D(g,h)].

Do d6, D la kiéu-métric tren X véi K = 2. O



1 1
1.1.5 Vi du ([5], Example 2.2). Cho X = {0,1,5,...,—,...} va anh xa
n
D: X x X — |[0,00) xac dinh béi

(

0 néu z=y

1 néu z+#ye{0,1}
D(z,y) = < 1 o L1
|z —y| néu x#ye{,%,%

truong hgp con lai.

}

1 =

\

Khi dé, D la kiéu-métric tréen X véi K = 4.

Chiing minh. V6i méi z,y € X, ta c6 D(x,y) > 0, D(x,y) = 0 khi va chi khi
x=yva D(z,y) = D(y,z).
Néu D(z,y) = D(0,1) = 1 thi

D(z,2) + D(z,y)

1 1 1 1 ) 1
o) ok gt e
_ 0 1+ 2n ] 2n 41 ] e = 2n1
G b A K
mi1) TP\ G 11 MM ET o
Néu D( )—D(o 1)— L
eu x,y— ,Qn _2n 1
D(z,z) + D(z,y)
. 1 11 1 11 1
D(,—) D—,—):— N P
0 2m1 + 2m 2n1 27in+ 2m 12n new < m1
A o) Py )~ d -t
1 Pgn +1 2m +1"2n T3 M Esg
D(0,1 D(1,—>:1 - bu =1
(0,1) + o +7 néu z
11

1 1
Néu D :D(— —) |t

D(z,z) + D(z,y)

( ) D(l 1)_|1 1 L 1 1 2 1
2%’ 2my 2m’ )~ 2% 2m! " 2m T 2n ne 2= 2m,
= < D( )—l—D( 7—)—— - néu z =
21k 2m +1 ) 2m—1|—1 2? 4 4 2m + 1
(502 ko -
\ 2k,O + O’Qn 2k+ neu z =10
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. 1 1 1 1 .
NeuD(m,y)—D<%,2n+1>—ZV01 +17é1th1

D(z,2) + D(2,y)

( 1 1
D(50) + 2(0.57) =5+ 1 u =
21k O1 0 27f‘|‘1 1 2k+41 1 1 neu z 01
- Pl 2o ) el
< % 2m o\ anr1) T 27711|+4 Het 2 2m
(5 5mr1) P et )=- ~
L 2k 2m + 1 * 2m+1" 2n+1 4jL 2m + 1

Lol
1 v2 1 thi
<2k+1 2n+1) VO Aty ALt

|

Néu D(z,y) =

Q\

D(z,z) + D(z,y)

(D< L 0)+D(0 L )—1+1 § 0
21 72?“1_4 11 neuz_l
R S S
\ Plarron) " PG antt) Tat B
D( >+D( 1 1 ) 1+1 . 1
= — — neu =z — .
L 2k +1'2m +1 2m+1"2n+1 4 4 2m + 1
Néu D( )—D(1 1)—1th\
WY = P g t) T Y
D(z,2) + D(z,y)
( 1 2
D<2k 0) +D(0, 1) = néu z =0

_k

1 ) |
=1 (g am) + 25 ) ———'+1‘ AT
D(—, )D( ,1)—— S nén 2= 1.
( "\ am s/ TP e 1T M A7
Néu D( )—D( ! 1)—1th\
Y = k) Tt
D(z,z) + D(z,y)

( 1 1
2]“31 T Ol—i— (0, )1 i . néu z 01
S T
Y Planeran) TP e 1 171 1 new < 2m,
D( , ) D( ,1):— Z nén z= 1.
PG roamr ) TP G g men =g 7

£ 1 1
cu D = D(— ) = — thi
Néu D(zx,y) o 1,0 1 hi
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D(z,z) + D(z,y)

( 1 1 )
D(—1) D(1.0) = = + 1 fu 2= 1
2% 1 1+ (7)1 i 11 o 1
S N
< 2 1 2m1+ om 14+2m1 1neuz m
A e
P\ o t) TP e Tt e e 7

Do d6, ta ¢6 D(x,y) < 4.[D(z, z) + D(z,y)] v6i moi z,y,z € X. Vay D la

kidu-metric tren X véi K = 4. ]

1.2 Su hoéi tu trong khéng gian kieu-métric

Muc nay trinh bay lai nhitng khai niém day hoi tu, day Cauchy, tinh day

di ctia khong gian kiéu-métric.
1.2.1 Dinh nghia ([15], Definition 7). Cho (X, D, K) la mot khong gian
ki¢u-métric va {x,} 14 mot day trong X. Khi d6

(1) Day {z,} dugc goi 1a hoi tu dén z € X, viét la lim z, = z hoac

n—oo

{2,} — 2, néu lim D(z,,z) = 0. Khi d6, z dugc goi 1a diém gidi han

n—oo

cia day {z,}.

(2) Day {z,} dugc goi 1a mot day Cauchy néu lim  D(zy,,x.,) = 0.

7,M— 00
(3) Khong gian (X, D, K) dugc goi 1a day di néu moi day Cauchy trong
(X, D, K) 1a mot day hoi tu.

1.2.2 Nhan xét. Trong khong gian kiéu-métric (X, D, K), topo dudc hiéu
14 topo cadm sinh béi syt hoi tu clia né. Diéu nay c6 nghia 1a tap G md trong
khong gian kiéu-métric (X, D, K) khi va chf khi v6i méi x € G, moi day
{z,} C X ma lim z, = x thi ton tai ng € N sao cho z,, € G v6i moi n > ny.

n—oo

Khi d6, kicu-métric D : X x X — [0,00) lién tuc tai (z,y) néu va chi néu
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lim D(zp,y,) = D(x,y) v6i moi day {x,},{y,} trong X ma lim z, =z va

n—oo n—oo

lim y, =y.

n—o0

1.2.3 Ménh dé. Cho (X, D, K) la mot khong gian kiéu-métric. Khi do
(1) Di((x,y), (u,v)) = D(x,u) + D(y,v) la mot kiu-métric tren X2.

(2) Déy {(xy,yn)} hoi tu trong (X2, Dy, K) khi va chi khi {z,,}, {y.} hoi tu
trong (X, D, K).
(3) Day {(xn,yn)} la day Cauchy trong (X2, Dy, K) khi va chi khi day {x,},
{yn} la day Cauchy trong (X, D, K).
(4) Khong gian (X?,Dy,K) day di khi va chi khi khong gian (X, D, K)
day di.
Chitng minh. (1). Kiém tra tryc tiép cac diéu kién ctia mot kiéu-métric.
(2). Suy ra tit dang thitc Di((2n,yn), (2, y)) = D(2n, 2) + D(yn, ).
(3). Suy ra tit dang thitc Di((2n, Yn)s (Zm, Ym)) = D(20, ) + D(Yn, Ym)-

(4). Suy ra tit (2) va (3). O
Vi du sau chiing té ring ki¢u-métric 1a anh xa khong lién tuc.

1.2.4 Vi du. Xét kidu-métric D nhu trong Vi du 1.1.5. Khi d6, D la anh xa

khong lién tuc.

1 1 1
Ching minh. Ta c6é lim D(2—, O) = lim — = 0. Khi d6, lim — = 0 trong

n—00 n1 n—>100 n n—oo 2n

(X, D, K). Mat khac, lim D(2—, 1) = 1 # 1 = D(0,1). Diéu nay ching t6
n—so0 n

D la anh xa khoéng lién tuc. ]

1.2.5 Ménh dé ([12]). Cho (X, D, K) la mot khong gian kiéu-métric. Néu

day {x,} hoi tu thi diém gidi han ciia né duy nhat.
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Chitng minh. Gid st ton tai z,y € X sao cho lim z, = x va lim z, = y.
n—oo n—o0

Ta co

Suy ra D(z,y) = 0 hay x = y. Vay {x,,} hoi tu t6i mot phan tit duy nhat.
[]

1.2.6 Bo dé ([12], Lemma 3.1). Cho (X, D, K) la mot khong gian kiéu-meétric

va day {x,} trong X théa man
. 1
D(Zpi1, Tnao) < AD(2y, py1) vdi A € (0, %)
Khi dé, {z,} la day Cauchy trong X.

Chiing minh. Ta c¢6 D(xp41,Tyn) < AD(2p, Tp-1).

Lap lai qua trinh nay ta dugc

D(xpi1,xn) < AD(xp, 2p-1) < ... < AN'D(21,20). (1.1)

Khi d6 v6i m,n € N ma n > m ta co

D(xp, 20) < KD(2py, Trs1) + K2 D(Tmi1, Tonga) + o A K" D(2_1, ). (1.2)

1
T (1.2), sit dung (1.1) va do A € (0, ?) nen
D(Tm,xn) < (KN + K*A" 4 4+ K"\ D(21, 20)
L= (AK)™
1 - A\K

)\mD(l’l,l’o). (13)

= K\

K
1 - \K

D(:l?l, :CQ)

IA

Cho m,n — oo trong (1.3) ta dugc lim D(xp,,x,) = 0. Do dé {z,} la

m,n—00

day Cauchy trong X. ]
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CHUGNG 2

DINH Li DIEM BAT PONG CHO LGP ANH XA
SUZUKI SUY RONG TREN KHONG GIAN
KIEU-METRIC VA AP DUNG

2.1 Dinh li diéem bat doéng cho 16p anh xa Suzuki

suy rong trén khong gian kiéu-métric

Trong muc nay, ching t6i thiét lap v chitng minh dinh 1i diém bat dong
cho 16p anh xa Suzuki suy rong trén khong gian kiéu-métric. Dong thoi, chiing
toi suy ra mot s6 hé qua ti dinh 1i ndy. Cac két qua nay 1a sy md rong cia
cac két qua chinh trong bai bao [16] sang khong gian kiéu-métric. Hon nita,

chtng to6i cling xay dung vi du minh hoa cho két qua dat dudc.

Trude hét, ching toi trinh bay dinh 1f diém bat dong cho 16p anh xa Suzuki

suy rong trén khong gian kiéu-métric nhu sau.

2.1.1 Dinh li. Cho (X, D, K) la mot khong gian kiéu-métric day di, trong
dé D la dnh za lién tuc va dnh za T : X — X. Gid sit ton tai r € (0,1)
sao cho vdr moi x,y € X,

%D(:{:,T@") < D(x,y) = D(Tz,Ty) < %M(%Z/) (2.1)



15

trong do,

D(z,Ty) + D(Tz,y)
2K ’

D(T*z,Tx), D(T%,y), D(T*z, Ty) }.

M(x,y) = max {D(x, y), D(x,Tx), D(y, Ty),

Khi dé, T ¢6 duy nhat diém bat dong.

Ching minh. Lay zg € X. Néu xg = Tz thi z( 1a diém bat dong cta T.

Néu xg # Txg thi D(zg, Tzo) > 0. Khi do, tit (2.1) ta c6

1
%D(l'o,Tl'()) < D(I'Q,TJI()) = D(TZC(),TQZC()) < %M(%Q,Tﬂ?g)

bt z,, = Tx,—1. Néu ton tai n € N sao cho Tz, = x, thi z,, 13 diém bat

dong cia T. Gia st nguge lai, Tz, # x, véi moi n € N. Khi d6, béi (2.1)

ta co
%D(:rn,Txn) < D(xy, Txy) = D(Tx,, T(Tx,)) < %M(:pn,T:rn)
Suy ra
D(@ns1,8a12)) < M (@n 1) (2:2)
trong do,

M(xm xn—l—l) = max {D(xn; $n+1), D(xna Txn); D(xn—Fl; Txn—i—l)?
D(In7 TI?H-l) + D(xn—i-h T‘rn)

2K
D(szm xn—l—l)a D(Tana Tmn—i—l)}

, D(T?x,, Tx,),

= Inax {D(xm xn—l—l)u D($n+1, xn—l—Q)}-

Néu ton tai n € N sao cho M(zp, Tpi1) = D(2pi1, Tnie). Két hop véi
(2.2) suy ra D(2p41, Tnio) < %D(aznﬂ, Tpio). Dicunay la vo ly vir € (0,1)
va K > 1. Do d6, M(z,,xns1) = D(xy,xne1) v6i moi n € N. Két hop
v6i (2.2) suy ra

D(an, $n+2) <



16

Tir day, dit A = % ta dugc

D($n+1,$n+2) S /\D(xnaxn—i—l) (23)

Tit (2.3) va st dung Bo dé 1.2.6 suy ra {z,} 1a day Cauchy. Do X day du
nén {x,} hoi ty, tic 1a ton tai p sao cho
lim z,y1 = lim Tx, = p.
n—o0 n—0o0
Bay gio, ta chtiing minh p 1a diém bat dong ctia 7. Gia st ton tai n € N

sao cho

1 1
ﬁD(xn,Txn) > D(xy,,p) va §D(T:Un,T2xn) > D(Txy,,p).

Khi do,

D(zp, Txy)

IA

K[D(zn,p) + D(p, Tzy)]

1 1 )
1

1
§D(xn, Tzx,) + 5D(Tg;n, T?x,).

IA

Diéu nay tuong duong véi

1
D(.CU”, $n+1) + —D($n+1, .',Un_|_2). (24)

D(xnaxn—i—l) S 9

N | —

Tu (2.3) va (2.4) suy ra

IA

1 1
§D($m Tpt1) + 5)\D(37n7 Tpt1)

1 1
< §D(xm l‘n+1) + §D(xm l’n+1)

D(‘ZCTH x?”H-l)

= D(xp, Tpi1).

Diéu nay 1a mau thuan. Do d6 véi moi n € N,

1
ﬁD(azn,T:ﬁn) < D(zp,p) (2.5)
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hoac

1 2
ﬁD(Ta:n,T zn) < D(Txy,p) (2.6)

Ta xét hai truong hop sau.

Truong hop 1. Gid sit (2.5) théa man v6i hitu han céc gia tri n € N. Khi
d6, (2.6) thoa man véi vo han cac gid tri n € N. Do d6, ton tai day {nx}
1 .
sao cho ﬁD(Txnk,T%nk) < D(Txy,,,p) v6i moi k € N. Két hgp vé6i (2.1)
suy ra

D(T*2,,, Tp) < =M (Tay,.p)

= L max {D(Tmnk .p), D(Txy,, T*x,,), D(p, Tp),
D(Txy,,,Tp) + D(p, T*x,,)

2K
D(T*20,,p), D(T*w,, Tp) }. (27)

,D(T3x,,, Tx,,),

Cho k — oo trong (2.7) ta dugc

.
D(p,Tp) < ED(p, Tp).

Suy ra D(p, Tp) =0 hay Tp = p.
Truong hop 2. Gié sit (2.6) théa man v6i hitu han céc gia tri n € N. Khi
do, (2.5) thoa man véi vo han cac gia tri n € N. Do d6, ton tai day {n}

1 .
sao cho —D(zy,, Txy,) < D(zp,,p) v6i moi k € N. Két hop véi (2.1) suy ra

2K
.
D(Tn,, Tp) < =M (2n,p)
T

= % max{D(zy,,p), D(Tn,, Txp,), D(p, Tp),

D(zyp,,Tp) + D(Tzy,,p)
2K

D(sznkvp)a D<T2xnk7 Tp)}. (2'8)

) D(Tanka T.I'nk),

Cho k — oo trong (2.8) ta dugc
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r

D(p.Tp) < —
(p, p)_K

D(p,Tp).
Suy ra D(p,Tp) =0 hay Tp = p.
Trong ca hai trudng hop ta déu chitng minh dude T c6 diém bat dong.
Bay gio, ta ching minh diém bat dong ctia T 1a duy nhat. Gia st ngugc
lai, ton tai ¢ # p sao cho T'q = q va T'p = p.

1
Ta c6 0 = ﬁD(p, Tp) < D(p,q). Do do, béi (2.1) suy ra

D(p,q) = D(Tp,Tq)

D(p,Tq)+ D(¢q,Tp
_ }max{D(p,Q),D(p,Tp)aD(%TQ)’ ( )QK( )’

D(T*p, Tp), D(T*p,q), D(T*p, Tq) }

Diéu nay la mau thudn. Do d6, T c6 duy nhat diém bat dong. O

Tu Dinh Ii 2.1.1, bang cach chon M(x,y) = D(z,y), chung toi nhan dugc
hé qué sau. Hé qué nay la sy mé rong cua [16, Theorem 3.1] trén khong gian

.2 .
kieu-métric.

2.1.2 Hé qua. Cho (X, D, K) la mot khong gian kiéu-métric day di, trong
dé D la dnh xa lien tuc va dnh za T : X — X. Gid st ton tai r € (0,1)
sao cho voi moi x,y € X,

%D(az,T:ﬂ) < D(z,y) = D(Tx,Ty) < %D(az,y). (2.9)

Khi dé, T ¢6 duy nhat diém bat dong.

Vi mbi khong gian métric 13 khong gian ki¢u-métric véi K = 1 nén tit Dinh

Ii 2.1.1 va He qua 2.1.2 ta lan luct nhan duge He qua 2.1.3 va Hée qua 2.1.4.
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2.1.3 Hé qua. Cho (X,d) la mot khong gian métric day di va dnh za

T:X — X. Gid st ton tai r € (0,1) sao cho vdi moi x,y € X,
1
§d(a:,Tx) <d(z,y) = d(Tz,Ty) <rM(z,y), (2.10)

trong do,

d(z,Ty) + d(Tz,y)
2 )

d(Tx, Tx), d(T%z,y), d(T?x, Ty) }

M (z,y) = max {d(az, y),d(x, Tx),d(y, Ty),

Khi dé, T c6 duy nhat diém bat dong.

2.1.4 Hé qua ([16], Theorem 3.1). Cho (X,d) la mot khong gian métric day

diva anh za T : X — X. Gid st ton tair € (0,1) sao cho vdi moi x,y € X,
1
§d(:1:, Tx) <d(z,y) = dTx,Ty) < rd(z,y). (2.11)

Khi dé, T ¢6 duy nhat diém bat dong.

Cudi cling clia muc ndy, ching toi xay dung vi du minh hoa cho két qua
dat dugc. Trong do, Vi du 2.1.5 chitng t6 Dinh 1i 2.1.1 manh hon Hé qua 2.1.2
va Vi du 2.1.6 ching t6 Hé qué 2.1.3 manh hon [16, Theorem 3.1] trén cling

mot khong gian.

2.1.5 Vidu. Xét X = (—o0, —%]U{O}U[%, +oo)vadnhxa D : X x X — [0, 00)
xac dinh béi D(x,y) = (v — y)%

Khi d6, (X, D) 1a khong gian kiéu-métric day da véi K = 2 va D 1a anh xa
lién tuc.

Xét anh xa T : X — X xéac dinh bdi

Xz

—= néu z € (—o0,—2) U (2, +0)
Te={ 2 1 1
0 néu z € [-2, —5] u{0}u [5, 2].

Ta xét cac truong hgp sau.
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Trudng hop 1. z,y € (—o0, —2) U (2, +00).

(x —4y)2 _ iD(%y) < llM(x,y)

1 1
Trudng hop 2. z,y € [-2, —5] u{0} U [5, 2].

D(Ta,Ty) =0 < %M(w,y) véi moi 7 € (0,1).

1 1
Trudng hop 3. z € (—o0, —2) U (2, 4+00) va y € [—2, —5] u{0tu [57 2]

1 1
Do —D(z,Tz) < D(z,y) nén —(z + z)2 < (x—y)*

2[2( A 4 2
L 2
Suy ra T < g(x Y)°©.

N 18 18
Dieu nay ching t6 D(Tx, Ty) < §§D(3:,y) < §§M(a:,y)

1 1
Truong hop 4. z € [—2, —5] u{0}u [5, 2] vy € (—o0, —2) U (2, +00).

2
Y 11

11
D(T?z,y) < ==M(z,y).
22
o 8 18, .. o rA Lia ,
Khi d6, véi r = g = max{i, 5} thi anh xa 7" théa dieu kién (2.1) cta
Dinh Ii 2.1.1. Do d6, T c¢6 duy nhat diém bat dong.
1
Tuy nhién, v6i x = 2,y = 4 ta c6 ZD(Q’T2) =1< 4= D(24). Ma
D(T2,T4) = 4 > 2.4 - gD(2,4) véi moi r € (0,1). Do d6, didu kien (2.9)
trong Hé qua 2.1.2 khong dugc théa man. Vi vay Hé qua 2.1.2 khong thé ap

dung cho anh xa T.

2.1.6 Vidu. Xét X ={1,2,3,4,5} vaanhxa d: X x X — [0, 00) xéc dinh
bdi
(

0 néu ==y

d(z,y) =4 2 néu (z,y) € {(1,4),(4,1),(1,5),(5,1),(2,4), (4,2),(3,5), (5,3)}

1 truong hgp con lai.
\

Khi do, (X, d) 1a khong gian meétric day du.
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Xét anh xa T : X — X xac dinh bdi
T1=T2=T3=1,T4=2,T5=3.
1 ) s .
Do id(x, Tx) < d(z,y) nén x # y. Do do, ta xét cac trudng hop sau.
Trudng hop 1. z,y € {1,2,3} va z # y.
d(Tz,Ty) =d(1,2) =0 < rM(z,y) véi moi r € (0,1).
Truong hop 2. x € {1,2,3} vai y = 4.

1 1 1

Truong hop 3. x =4 vay € {1,2,3}.

d(Tz, Ty) =d(2,1) = 1.

Néu x =4 vay = 2 thi d(z,y) = d(4,2) = 2. Suy ra
1 1

) d(z,T a(r 3
Néuz =4 vay € {1,3} thi (= y>—; ( az,y):_. Suy ra

d(z, Ty) + d(T'z, y)
2

2
d(Tz,Ty) = =.
3
Truong hop 4. x € {1,2,3} vy = 5.
1 1 1
Truong hop 5. x =5 vay € {1,2,3}.
d(Tz, Ty) =d(3,1) = 1.
Néu z =5 vay = 3 thi d(z,y) = d(5,3) = 2. Suy ra

1 1
d(Tz,Ty) = §d(x,y) < §M($,y)-
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d(z, Ty) +d(Tz,y) 3

Néu z =5 vay € {1,2} thi 5 =3 Suy ra
2 d(x, T d(T 2

2 1 2 f .
Khi dé, véi r = 3= max{§, §} thi &nh xa 7" théa méan dieu kién (2.10)
ctia He qua 2.1.3. Do d6, T c6 duy nhat diém bat dong.

1 1 1
Bay gio, v6i x = 3,y = 4 ta thay 5(1(3, T3) = §d<3’ 1) = 3 <1=4d(3,4).
Tuy nhien, d(73,74) = d(1,2) =1 > r = rd(3,4). Do d6, diéu kien (2.11)
trong Hé qua 2.1.4 khong duge théa man véi x = 3,y = 4. Vi vay, khong thé

ap dung Hé qua 2.1.4 cho anh xa T.

2.2 Ap dung

Trong muc nay, ching toi 4p dung Dinh 1i 2.1.1 dé thiét lap mot sb két
qué diém bat dong kép. Trude hét, ching toi gisi thieu khai niem diém bat
dong kép.

2.2.1 Dinh nghia ([2], Definition 1.2). Cho anh xa F': X x X — X. Khi
de, (x,y) € X x X dugc goi la diém bat dong kép cia F néu F(x,y) = x va

Fy,z) =y.

2.2.2 B6 dé ([23], Lemma 2.2). Cho dnh za F : X x X — X wa dnh za
Tr: X x X — X x X duogc dinh nghia boi

Tr(z,y) = (F(z,y), F(y,x)) vdi moi z,y € X.

Khi dé, (x,y) la diém bat dong kép cia F khi va chi khi (z,y) la diém bat

dong cua Tk.

Tiép theo, ching toi thiét lap dinh li diem bat dong kép clia 4nh xa.
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2.2.3 Dinh li. Cho (X, D, K) la khong gian kiéu-métric day di, trong dé D
la dnh za lién tuc va anh za F : X x X — X. Gid su ton tai r € (0,1)
sao cho vdr moi x,y € X,

%(D(x, F(x,y)) + D(y, F(y,))) < D(x,u) + D(y,v)

= D(F(x,y), F(u,v)) + D(F(y,z), F(v,u)) < gM((:B,y), (u,v)) (2.12)
trong do,

M((z,y), (u,v)) = max {D(x, w) + D(y, v), D(z, F(z,y))

+D(y, F(y,z)), D(u, F(u,v)) + D(v, F(v,u)),

1
2K
D(F(F(z,y), F(y,z)), F(z,y)) + D(F(F(y,z), F(z,y)), F(y, x)),

(D(z, F(u,v)) + D(y, F(v,u)) + D(F(z,y),u) + D(F(y, z),v)),

D(F(F(x,y), F(y,7)),u) + D(F(F(y, ), F(z,y)),v),

D(F(F(z.y), F(y,x)), F(u, ) + DF(F(y,x), F(z.y)), F(v,)) }.
Khi dé, F ¢6 duy nhat diém bat dong kép.

Chiing minh. Dat
Di((2,y), (u,v)) = D(x,u) + D(y, v)
v6i moi (z,y), (u,v) € X x X va anh xa Tp : X x X — X x X xac dinh bdi
Tr(x,y) = (F(z,y), F(y,z))
voi x,y € X.
Theo Ménh dé 1.2.3, (X2, Dy, K) 1a mot khong gian kiéu-métric day du.

Tu diéu kien (2.12) ta c6

1

ﬁDl((x, y), TF(w, y)) < Dl((xa y)? (u7 U))

= Dl(TF(xay)7TF(u7 U)) < %M((x7y)7 (U,U)),T’ € (07 1)
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trong do,

M((z,y), (u,v))
= max {D1((:13, ), (u,v)), Di((x,y), Tr(x,y)),
Di((w, v), T (u, v)), Di((z,y), Tr(u, v));{Dl(TF(m, y), (u, U))’

Dy(T(x,y), T (2, 9)), Dy(TE(x,y), (u, v)), Dy(TR(w,y), Te(u, v)) .

Theo Dinh 1i 2.1.1 suy ra Ty c6 duy nhat diém bat dong. Do d6, theo Bo

dé 2.2.2 suy ra F c6 duy nhat diem bat dong kép. O

Tu Dinh Ii 2.2.3, bang cach chon M((x,y), (u,v)) = D(z,u) + D(y,v)

ching t6i nhan duge hé qua sau.

2.2.4 Hé qua. Cho (X, D, K) la khong gian kicu-métric day di, trong dé D
la dnh za lién tuc va dnh za F : X x X — X. Gid si ton tai r € (0,1)
sao cho voi moi x,y € X,

5 (D, Fw,9)) + D{y, F(y, 7)) < D(,u) + D(y,v)

= D(F(z,y), F(u,v)) + D(F(y,x), F(v,u)) < %(D(a:,u) + D(y,v))

vair € (0,1).

Khi dé, F ¢6 duy nhat diém bat dong kép.

Vi mbi khong gian métric 13 khong gian ki¢u-métric véi K = 1 nén tit Dinh

Ii 2.2.3 va He qua 2.2.4 ta lan luot nhan duge He qua 2.2.5 va Hée qua 2.2.6.

2.2.5 Hé qua. Cho (X,d) la khong gian métric day di va anh za F : X x
X — X. Gid st ton tair € (0,1) sao cho vdi moi x,y € X,

%(d(l’, F(a:,y)) + d(y7 F(y,l‘))) < d(w7u) + D(y7v)

= d(F(x,y), F(u,v)) + d(F(y, z), F(v,u)) <rM((z,y), (u,v))
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trong do,

M((@,y). (u,v)) = max {d(z,u) + d(y,v), d(z, F(z,y))
+ d(y, F(y,x)), d(u, F(u,v)) + d(v, F(v, ),
5 (e, Fuw,0)) + dly, F(o,w) + d(F(x, ), w) + d(F(y, ), v),
d(F(F(z,y), F(y,2)), F(2,y)) + d(F(F(y, 2), F(z,y)), F(y, v)),
d(F(F(z,y), F(y,2)),u) + d(F(F(y, 2), F(z,9)),v),

d(F(F(z,y), F(y,x)), F(u,v)) + d(F(F(y, z), F(z,y)), F(U,U))}-
Khi do, F c6 duy nhat diém bat dong kép.
2.2.6 Hé qua. Cho (X,d) la khong gian métric day di va dnh xa F @ X X
X — X. Gid st ton tair € (0,1) sao cho vdi moi x,y € X,

gﬂ@Fuw»+a%Fww»»<ﬂ%m+d@w>

= d(F(z,y), F(u,v)) + d(F(y,z), F(v,u)) < r(d(z,u) + d(y, v)).

Khi do, F c6 duy nhat diém bat dong kép.
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KET LUAN VA KIEN NGHI

1 Két luan

Khoa luan da dat duge nhitng két qua sau

- He thong héa mot s6 khai niém, tinh chat co ban ctia khong gian
kiéu-meétric.

- Chi tiét héa mot s6 vi du vé khong gian kiéu-métric nhu Vi du 1.1.3, Vi

du 1.1.4, Vidu 1.1.5.

- Thiét lap va chtng minh dinh 1i diém bat dong cho 16p anh xa Suzuki
suy rong trén khong gian kiéu-meétric nhu Dinh 1f 2.1.1 va mot s6 hé qua nhu

Hé qua 2.1.2, He qua 2.1.3, Hé qua 2.1.4.

- Xay dung vi du minh hoa cho Dinh 1i 2.1.1 va Hé qua 2.1.3 nhu Vi
du 2.1.5 va Vi du 2.1.6.

- Xay dung mot s6 ap dung ctia Dinh Ii 2.1.1 trong viéc thiét lap dinh
li diém bat dong kép nhu Dinh 1i 2.2.3, Hée qua 2.2.4, He qua 2.2.5 va He
qua 2.2.6.

2 Kién nghi

Khoa luan c6 thé phat trién theo huéng sau

- Tim mot s6 ap dung khac cho dinh li diém bat dong cta l6p 4nh xa
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Suzuki suy rong trén khong gian kiéu-meétric.

- Nghién cttu vé diém bat dong cho 16p anh xa Suzuki suy rong trén mot

s6 khong gian métric suy rong khac.
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